
WARNING: Before you look at what follows, I strongly
urge you to write a good copy of your own proof. Please try
to be patient and think the problem through in your own
way. If you simply read the proof (even if you understand
and follow everything) without engaging in the creative pro-
cess, there will be absolutely no benefit to you other than
a false sense of security. In fact, you will lose the oppor-
tunity to think about and work on a very good practice
problem. After you’ve written a good copy, compare your
proof to what follows and see if there are any notable dif-
ferences. You can e-mail me at qin.deng@mail.utoronto.ca
if you want me to give some feedback on your proof.

Remark 1: The strategy was the following. We wanted to demonstrate the
existence of some constraint on x which would imply wanted constraint on
f(g(x)). We know two facts about f and g separately. So we found some
constraint on g(x) first which would imply the wanted constraint on f(g(x))
using one of the facts. Then, using the other fact, we found some constraint
on x which would imply the constraint on g(x) that we found (which would
then imply the wanted constraint on f(g(x)).

Remark 2: A lot of the proofs I saw were out of order. A lot of you did the
“Consider when ε1 = δ2 in (1)” first. But what is δ2? δ2 is the thing which
works for ε2 = ε in (2) and would not be defined if you started with (1).
So given ε, you need to set ε2 = ε first, use (2) to find δ2, and then set ε1 = δ2.

Theorem: If f and g satisfy

(1) limx→a g(x) = b
(2) f is continuous at b,

then limx→a f(g(x)) = f(b).

Proof: We assume f and g satisfies

(1) For any ε1 > 0, there exists δ1 > 0 s.t. if 0 < |x − a| < δ1, then
|g(x)− b| < ε1. (i.e. limx→a g(x) = b)

(2) For any ε2 > 0, there exists δ2 > 0 s.t. if |y − b| < δ2, then |f(y)−
f(b)| < ε2. (i.e. f is continuous at b)

We prove for any ε > 0, there exists δ > 0 s.t. if 0 < |x − a| < δ, then
|f(g(x))− f(b)| < ε.
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Given ε > 0,

Consider when ε2 = ε in (2). We know there exists δ2 > 0 s.t. if |y− b| < δ2,
then |f(y) − f(b)| < ε2 = ε. Choose such a δ2. (Note: we do not have a
formula for this δ2, we are simply guaranteed one from statement (2))

Consider when ε1 = δ2 in (1). We know there exists δ1 > 0 s.t. if
0 < |x− a| < δ1, then |g(x)− b| < ε1 = δ2. Choose such a δ1.

Choose δ = δ1,

0 < |x− a| < δ = δ1
=⇒ |g(x)− b| < ε1 = δ2
=⇒ |f(g(x))− f(b)| < ε2 = ε. �


